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SUMMARY 



The principles of the Grose-method of moment dlstrl- 
"butlon, which have preTlously heen applied to the stability 
of structures composed of hare under axial load, are ap- 
plied to the fltahlllty of structuree composed of long 
plates under 1 or.gltudlnal load. A "brief theoretical treat- 
ment of the Bub^eot, as applied to etructuree composed of 
either bars or plates, is inuluded, together with an Il- 
lustrative eTample for each of these two types of struc- 
ture. An apppridlx presentc the dorivatlon of the formulas 
for the variouft etiffnessee and carry-over factors used 
in solving problems In the stability of structures composed 
of long platc-p. 



ZHTRODUCTIOH 



The usual procedures for calculating critical buck- 
ling loads for the members of complex structures are 
often somewhat involved and are not easily reduced to a 
set of routine calculations. Many practical engineers, 
as a oonsequenoe, do not attempt to calculate critical 
buckling loadu. 

One approach to the solution of problems In the ata- 
blllty of structural members that is purely engineering 
in character and that lends itself to simplified calcula- 
tions is provided by use of the principles of the Cross 
method of moment distribution (reference l). The theory 
of moment distribution, originally devised as a rapid 
method of stress analysis, deecribes how the resistance 
to an external moment, applied at any Joint In a struc- 
ture composed of bars, is distributed throughout the 
structure In accordance with the resistance of the various 
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Jolnte to rotation. The original theor7 of CroBS was 
modified "bj James (reference 2} to take Into aocount the 
poasl'blllty of arlal load In the mem'bers. 

The modified theory of Jamee has already "been ap- 
plied in reference 3 to the study of the stahlllty of 
Btiuctures ciomposed of bars under axial load. Because of 
the fundamental character of the .quantities used in the 
method of moment dletri'butlon and of the formula.s asso- 
ciated vlth them, it Is possl'ble by suitable definition 
of the quantities to apT>ly an analysis exactly like that 
of reference 3 to the study of the stability of struc- 
tures composed of pistes under longitudinal load. 

The present report gives a generalized derivation of 

the formulas, applicable to both "bar and plate structures. 
The evaluation of various quantities for structures com- 
posed of bars was given in reference 3. The corresponding 
evaluation of the quantities for atructurep composed of 
plates is given in an appendix to this report. 



STMBO;.S 



Oeneral : 

Z modulus of elasticity 

V load on structure 

6 rotation of Joint 

y deflection 

r series stalollity factor 

n modified stiffness stability factor 

Bars : 

X effective modulus of elasticity for stresses beyond 
the elastic range 

I moment of Inertia of cross section about an axle per- 
pendiculnr to plane of bending 

A area of cross section 
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P 



radlUB of gyration 




L 



length of "bar 



P 



axial load in "bar (absolute value) 



c 



fixity coefficient In column formula 



P 
A 




J 



stlffneaa factor 




eff 



Platee : 

S effective platp modulus for stresaea 'beyond the 
elaatio range 

V> Polaaon'a ratio 

X half -wave length of hucklee In longitudinal direction 

h width of plate 

t thlckneaa of plate 

D flexural etlffneaa of plate per unit length [* 



S effective flexural etlffneaa of plate for atreaaea 




a 



heyond the elaatlc range 




a 



lohgltudlnal oompreaeive atreas in plate 



k 



— = CT (always poaitlve) 

TT=33 



M 



bending moment 
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Mg amplitude of slnuBOldally distributed, moment 

e restraint coefficient 

w deflection normal to plane of plate 

Subscripts : 

1 initial value 

or oritloal 

r . flange 

W veb 



SlTISITIOirS 

Member . - The word "member" is used In this report to 
Indicate either a bar or an infinitely long, flat, rectan- 
gular plate. 

Joint . - A Joint in a structure composed of plates, 
by analogy to a Joint in a structure of bars, is defined 
as the entire leng'ch of the intereeotion line between two 
or more Joined plates. 

StiffnesR and carry-over factor .- If a bar is on un- 
yielding supports at each end, the moment at one end neces- 
sary to produce a rotation of one-fourth radian at that 
end is called the stiffness of the bar and the ratio of 
the moment developed at the far end to the moment applied 
at the near end is called the carry-over factor of the bar. 

In order to write similar definitions of stiffness 
and carry-over factor for plates, it is necessary to in- 
clude a statement showing how the moment is distributed 
along the edges of the plate. The solution of the dif- 
ferential equation for the critical compressive stress of 
an infinitely long plate with given edge restraints re- 
veals that, when the plate buckles, the moments and the 
rotations at both edges of the plate vary slnusoidally 
along the edges and are in phase with each other. The 
ratio of moment per unit length at any point along the 
edge to the rotation at that point is therefore constant 
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along the edge for a given vave length. The following 
definitions of stiffQesB and oarry-OTer faqtor for plates 
may therefore be written: 

Stif fneee - If an infinitely long flat plate la under 
longitudinal. aompresB ion with one unloaded edge on 
an unyielding eupport , the ratio of moment per unit 
length at any point along thia unloaded edge to the 
rotation In quarter radians at that point when the 
moment la dlstrLhuted ainuaoldally la called the 
atlffneaa of the plate. 

Oarry-over factor - The ratio of the moment per unit 
length developed at any point along the far un- 
loaded edge to the applied moment per unit length 
at the corresponding position along the near un- 
loaded edge is called the carry-over factor of the 
plate. 

The foregoing definltiona make it poeeihle to use varibua 
etiffnesaea and ccrry-over factors in a similar manner for 
hoth hare and plates. 

The symbols used to designate the stiffness and carry- 
over factor for the different types of support and re- 
straint at the far end or edge are given In the following 
table: 



Stiffness 




Oarry-over 
factor 


Conditions at far end or edge 


8 


0 


Tar end or edge supported and 






fixed against rotation. 






Tar end or edge supported and 
elaatically restrained 


sii 


oil = 0 


against rotation. 


Far end or edge supported 
with no restraint against 


glll 


o"i « 0 


rotation. 


Tar edge free (no support 
and no restraint against 
rotation), Thia condition 
is not' used in connection 




= -1 


with bars. 


Tar end or edge supported and 
subjected to moment equal 
and opposite to that applied 
at near end or edge. 
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The quantities S^, C^, 8^^, G^^ of this paper oorre- 
spond to 8', Cti, 8", G", respectively, of referenoe 3. 

The stiffness of a "bar oomputed sooordlng to the def- 
Inltlca used herein is one-fourth that oomputed aocording 
to the definition used "bj Cross (referenoe l). In moment 
dl stil'butlon the relatlye, not the alisolute, values of 
stlffnesGes of the members are of importanoe. The fore- 
going definition vas selected so that the stiffness of a 
har of constant crosq section with no axial load and 
fixed at the far end vould be Sl/L instead of 41II/L. 

Sign convention .- A olockvlse moment aotlng on the 

end of a bar or at any station along the side edge of a 
plate Is posltivp and causes positive rotation at that 
end or station. An external moment applied at a joint is 
considered to act on the Joint; a counterclockwise moment 
acting on a Joint is positive. 



cEiTERioir roa stability 



It is assumed that all members in a structure com- 
posed of bars lie in the plane in which buckling occurs 
and that the Joints of the structure are held rigidly in 
space but are free to rotate subject to the elastic re- 
straint of the connecting members. Similarly, In a struc- 
ture composed of plates, it is assumed that the Joints be- 
tween plates, or between plates and longitudinal restrain- 
ing members, remain In their original straight lines but 
are free to rotate subject to the elastic restraint of ths 
connecting members. 

In the discussion that follows, either of two orlte- 
rlons for stability may be used. Tor each criterion, the 
stiffness and carry-over factor are functions of the axial 
load in the bnr or the longitudinal load in the plate. 
(See referenoes 2, 3, 4, and 5.) 

Stif f ness criterion for stability .- From a structure 
of many members the section comprising one Joint shown in 
figure 1 is considered. figure 1 may be interpreted as 
being either a plan view of a structure composed of bars 
or an end view of a structure composed of long plates. 
An external moment of -1 in assumed to be applied at the 
Joint 1. If the structure is composed of plates, this 
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mouent Is tha external noin»Bt per unit length at the station 

• under donBideratlbfi* Be'dause the angles between nemhers 
at the Joint are preserved and the rotations of all nemhers 
at the Joint mnst therefore ho eqnal, the noaent of 1 added 
to halanoe this Joint is distributed among ^T^o nonhsrs In 
proportion to their stlffnoeses, as follovs; 

¥ r ■ 

is ^ iJa 

— = — to member IJi 

ij. 

^^11 J 



to member IJa 



and 80 forth. The moment-di strlbution analysis Is nov 
complete as far as moments at- Joint 1 are eonoerned. 

Tor st&bllltyi the moment In the members must be 
finite. Ihe stiffness orlterlon for stability Is there- 
fore 

ZS^jj > 0 (1) 

The condition of neutral stability gives the orltlcal 
buckling load for the structure and is obtained by setting 
the stiffness stability factor equal to sero, or 



SS^lj = 0 (3) 

In the general oasA there is more than one critical 
buckling load; thus, satipf action of equation (3) is In- 
sufficient for the solution of a given stability problem. 
Instead, the lovest load that satisfies equation vS) must 
be calculated and compared with the load for which the 
structure is designed. Only if this lowest critical load 
Is greater than the design load is the structure stable. 

According to the definition of stiffness, the moment 
distributed to any {sember must be the rotation of the 
Joint multiplied by the stiffness of the member. Henoe 
6, the rotation expressed in quart er-radiane of Joint 1 
caused by the external moment -1, is 



(3) 
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Souatlon (3} vlll be used under the eeotlon Hethod of 
Making Preliminary Xstlnate of the Critical Load. 

Series criterion for ataT? llity . •- In a struoture of 
many cem'berB, the section comprieing two Joints shown in 
figure S is conoidered. An external moment of -1 la as- 
suffisd to be applied at Joint 1. If the structure Is 
composed of plates, this moment is the PTternal moment per 
unit length at the station under consideration. Sy a 
moment-distribution analyslD of rpferenoe 3, the total 
moment in members Ih at Joint 1 is 



'IJ 

or 



I 



ih 



SiJ + 1 - r 



(4) 



where 

r = 



(5) 



Tot stability, the total moment in mc^mbers ih must 

be finite. The scries criterion for stability is there- 
fore 

r < 1 (6) 

The condition of neutral stability glvef! the critical 
buckling load for the structure and is obtained by setting 

r »r 1 (7) 

The same considerations that apply to the stiffness 
criterion for stability also apply to the series criterion 
for stability. The lowest load that satisfies the equa- 
tion for neutral stability (in this case, equation (?}} 
riust be calculated and compared with the load for which 
the struoture is de^slgned. If this lowest critical load 
is greater than the design load, the struoture is stable. 
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According to thn definition of BtiffnesBi the total 
moment In mem'bers i-h." at Joint' 1 ' muat -'be the rotation 
of Joint 1 multiplied hy' the total etiffnees. of memhere 
ih. Hence 6, the rotation in quarter-radians of Joint 
i caused hy the external moment -1, Isi 

(8) 



SiJ + ^^^Ih 1 - r 

Tormulas (2) 'and (?) are both derived In referenoe 3. 

Whether formula (2) or formula (7) la to "be used will de- 
pend upon the partloular pro'blem. In caeee in which the 
Btructure is Bymmetrlcal ahout a Joint, the expreBslons 
concerned with the stiffness criterion usually involve 
fewer calculations; when the structure is symmetrical 
a'bout a mem'ber, the formulas coacerned with the series 
criterion offer certain advantages. 

Stiffne s s criterion for stability when structure" is 
symmotrical about a mem 'per.- k modification of the stiff- 
ness criterion in which the valueq of S'^^ are used is 
sometimes convenient when the structure is symmetrical 
about a memhar, an shown Ir. figure 3. Vhen this criterion 
is used, opposing unit moments are applied at the two ends 
or edges of ohe meaiber atout which the structure is sym- 
metrical. The stiffness stability factor of equation (2) 
for the Joint 1 in figure S is then written: 

i:s^i = S^^ij + SS^it = 0 (9) 

An illuBtration of the use of this special application of 
the fltlffnesB criterion in a plate pro'blem is included in 
the section on Examples. 

(^BRY-OTER TAGTOR ASH. STITTHESS 



In order to check the stability of a group of struc- 
tural memhers by use of the equations previously given, 
additional equations for th^ carry-over factor and stiff- 
nesB are required. 
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9*he mem'ber iJ shown in figure 4, on an unyielding 
support at 1 and elastically restrained at J hy mem- 
hers Jk Is considered. The memhers Jk are also elas- 
tically restrained at their far ends k. Sy a moment- 
dlstrihuLlon analysis (reference S) It follova that the 
carry-over factor ^^ij la 



T 



and the stiffness ^"ij 

gl^^ . Jblhj— (11) 
1 - ^JlO IJ 

Suhstltutlon of SQuation (lO) In eouation (ll) glres 



S^lj ^"^' ^ ^ ^ (13) 

1 - c ■ 



Vor memher IJ, the limiting values of the carry- 
over factor and of stlffnees given "by equations (10) and 
(12), respootively , are olitained as follows: When the 
far end J Is pinned, there is no elastic restraint at 
J and ESljj^ a 0. lor this limiting condition, dj^j 

B O^^lj = 0, and S^ij = S^^ij. When the far end J is 

fixed, there is complete restraint at J and ZS^jj^ = ob. 

lor this limitlrg condition, O^ij ■ C^j and S^ij ■> Sij 
where 

gll 

A slmiler equation, which expresses ^^^IJ terms 
of S^-ij and Oji, can he uhtnined from equation (ll) 
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as f.oll.ow8:_...If the restraint at the far end Is suoh that 
C^j^j = ~1, there must he,- at the far end, a moment of the 
same magnitude hut opposite In direction to that applied 
at the near end. If, therefore, C^j^j In equation (ll) 
equals -1, S^j^j hocomes S^^j^j, where 

gIV . .jlhjL, (14) 
1 + Oji 

She expressions used for the computation of numerical 

values of S, C, S^^, slll , and S^'" for plates are 
given in the appendix. 

Up to this point, all the eauatlona in this report 
are general. In nearly all cases encountered In practice, 
however, the cross section and arial load do not vary along 

the length of each memher. For this special case, Cj^j 
~ Cji, 8]^ J s Sjj^ , and so forth. In practical prohlems the 

numerloal values for these quantities are o'btained 'by use 
of tahles. Cuch tahle? ara given for hare In reference 4, 
where the argument is (L/j)gffi and for plates in ref- 
erence 5, where the arguments are k and X/h. 

I 

USTHOD 07 1LA.EIN& i'BlLIUISABY RSrifaAIZ 0? THE CRITICAL' LOAD 



In order to determine the lowest critical load for t^ 
the structure, it is necessary to test either equation 
(2) or equation (?) for neutral stahility for different 
assumed loads. The loveet load that satisfies either 
equation Is the critical load for the structured If 
eval^uatlcn of the etlffnese or the series stability fac- 
tors has required lengthy computations and if all the as- 
sumed loads for which these factors have heen evaluated 
are less than the lowest critical load, as evidenced hy 

the fact that '^S^j^j remains positive or that r remains 

Jess than unity, a method utilizing the work already done 
may he used to estimate the orltioal load. This estimated 
load may then be used as a trial load In equation (2) or 
equation (7), ' 
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The method of estimating the loveat critical load Is 
liased upon principles used in the analysis of experimental 
Rb&ervatlona in prohlems of elastic stability (references 
6 and 7). Southwell (reference 6) mentioned that the un- 
E.volda'ble imperfections in practical structures prevent 
the realization of the concept of a critical load at which 
deflections "begin. Instead, the initial deflections pres- 
ent in practical struoburen steadily grov with increase 
in load and, according to the usual theory, the deflec- 
tions heoome infinite as the critical load Is approached. 

The general relation hetween load and deflection for 
prohlems of elastic stability (reference 7) shows that, 
if (y - yi)/(P - ti) is plotted as ordinate against 7 " 7\ 

as abscissa, the curve obtained when P approaches Fq^ 

is essentially a straight line of which the Inverse slope 
is Pgj. - Pj. Here y is the deflection at load P in 

a member, y^ and P^^ are initial values of y and P, 
r.espectlvely , P^^ is the lowest critical load, and 

i*! < i" < Por 

If simultaneous readings of load and deflection rscorded 
in a test are plotted as described with any load F as 
the initial reading, the velue of Pq^ - P^ is readily 

obtained. The value of. is then given by the rela- 

tion 

^cr = ^^cr - + ^1 ^ISJ 

The relation between load and' deflection can also be 
applied- to load and rotation of a Joint provided that 
there is an initial rotation of the Joints. The initial 
rotation is obbalned by the application of the external 
moment -1 at some Joint, after which the load on the 
structure is applied. As the lowest critical load is 
approached the rotations become infinite. 

If the distribution of the loads throughout the 
structure does not change ap the total load W increasesi 
the axial or longitudinal lead in each member is propor- 
tional to V. If (6 - e^)/(W - V^) is plotted as ordinate 

against 6 > as abscissa, the curve obtained when tf 

approaches V^.^ is essentially a straight line with in- 
verse slope Vgj. - , where 6 is the rotation of a 
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Joint under the external - moment -1 when load V Is on 
the structure , 63, and V^^ are Initial valuea of 6 and 

W, reepeotlTel?-, Vqp is the lowest critical load, and 

^1 < * < ^or 

Vhen. simultaneous Taluea of load and rotation are plotted 
as desorihed with as the initial load, the value of 

~ Is easily obtained. 3?he value of Is then 

given hy the equation 

Vor = C^cr - *i) + *i ^16) 

She procedure to "be used in estimating the oritioal 
load for a group of structural mem'berB is as follows: 

1. Tor each of the loadf* W assumed in the applica- 
tion of one of the sta'bllity crlterions (equation (S) or 
equation (?)) to a joiiit, calculate the rotation 6 of 
this Joint by means of eo.uetion (3) or eqiiatlon (8). 

3. Designate the lowest assumed value of V and 
the corresponding value of 6 as and 61, respec- 

tively. 

Z. Plot the curve of (6 - 9i}/(tf— V^) as ordinate 
against 6 - 6^ as abscissa and estimate Vq,. from the 

slope of the resulting line. If the curve obtained is 
not essentially a straight line, successively higher val- 
ues of the assumed loads W should be designated W,^ 
and the value of W^^ re-estimated. The accuracy of the 

estimated value of Vg^ is improved as both W and Vj^ 

approach V^^. 

An example of the application of this method for pre- 
dlotlng the lowest orlticel load 1<> given in reference 8. 

As applied to a structure of platen, thin method 
gives a critical load for some particular value of the 
half wave length X. The value of W^^ that satisfies 

equation (S) or equation (?) and is a minimum with re- 
spect to ^ nust finally be found as in the example, 
givon subsequontly herein, In which the use of this method 
of estimating the critical load for a given wave length 
was not required. 
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DlSCUSSlOir OT MUTHOSS 



Each of the tvo equations for neutral ata'blllty con- 
teins the etlffneea of certain members elaatloally re- 
strained at their far ends or edges hy other members. 
These other memhers nay also he elastlcally restrained at 
their far ends or edges h? still other members, and so on. 
By successive application of equation (13) the restrain- 
ing effect of all the members in the structure can be con- 
sidered. 

In practical calculations for structures composed of 
bars, modification of the actual structure by the lntro~ 
duotlon of pins at certain Joints is usually necessary. 
It has sometimes been the custom to consider only one 
member elastloally restrained at the ends by the adjacent 
members, which are assumed to be pinned at the far ends. 
The aalculatlon of V^^ by use of small groups of mem- 
bers in this manner is aulte inadenuate. Treatment of 
much larger groups of members in one calculation is neces- 
sary if a reasonably accurate- value of Vq^ is to be ob- 
tained. 

If the stresses in any of the member? of a structure 
are beyond tae elastic rarge, the reduction of the modulus 
of elasticity at these stresses oiuat also be considered. 
riscuBslons of this reduced modulus for structures oom- 
poced of bars are given in references 3 and 8. Reference 
9 discusses the reduced modulus of elasticity for plates 
at high stresses. 
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Structure composed of bars .- The example of a struc- 
ture composed of bars presented herein Is identical with 
that given In reference 3; for the solntion of the prob- 
lem, the tables of reference R,- rather than the more ex- 
tensive tables of reference 4, were used. 

A continuous member of 1035 steel is to be designed 
to carry the lends shown in figure 5, Tor simplicity, 
the same cross section will be used in all spans. 

The usual column formulas for 1025-eteel tubes are: 



* 



IB . 



Pop i < 134, 



P 



8 



— = 36,000 - 1.173 - 
A o 




(17) 



lor ^ > 134, 



376 X. 10* 



(18) 



A 




It la deelred that L/p be less than 134. liquation (17) 
therefore Is used and, on the aspumptlon that o = 3, a 
tu'be of the following dimensions la eeleoted as a trial 
design for conpreeBlon memhers 2a, he, and de. 



Moment of Inertia, I li;* 0.09707 

According to the prchlem, this tuhe Is used as a continuous 
memher from y to f (fig. 5). 

In order to check the eta'blllty of the tuhe selected 
In the trial design, the critical huckllng load will he 
calculated and compared with the loads given in figure 5. 
The axial load In the tension spans is assumed to he al- 
ways 8610/9940 or 0.666 times the axial load in the com- 
preaslon spans. This assumption conforms to the condition 
that the forces in all memhers Increase in the same ratio 
as the Ibad on the structure Increases. 

Both the dimensions and the loading of the memher 
shown in figure 5 are symmotrlcal ahout span ho. It is . 
therefore convenient to determine the' critical huckllng 
load hy use of the series criterion for etahllity. If 
the unit external moment to he applied Is at Joint h, 
the series etahllity faotor le given hy equation (5) with 
the summation signs omitted. If the symmetry ahout span 
he is considered, the series etahllity factor heoomes 



Diameter, d . . 
Wall thioknese, t 
Area, A . . . . 



. in. . 
. in. . . 
sq in . . . 



1.625 
0.065 
0.3186 



tShcSe)" 
(Si,e + S^od)" 



(19) 
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where 



1-0" 



de 



gii . gi 
S od * ^ de 



S^de 



de 



1-0 



a ^ ef 



In the equation for ^^^^ is aeeumed that the ends at 

7 and f are pinned. 

The detailed procedure of calculating the critical 
huekllng load is as follove: 

1. ABBume a series of values for the axial load in 
one of the members. In order that the values of load "be 
reasonahle, a compression member should always he selected 
and the values of the axial load for this member computed 
from the column formula by use of a series of values of o. 
In this problem, compression member bo is selected and 
the column formula is equation (17). 



2. For each assumed axial load In the selected mem- 
ber, calculate the correppondlng axial load in every other 
member. In this problem the axial load in all compression 
members is the same and the axial load In the tension mem- 
bers is 0.866 times the axial load in the compression mem- 
bers. 



3. For each load In each of the members, calculate 
P/A, and (li/j)eff> this problem, HT is obtained 

from equation (17) by methods outlined in reference 8, or 

P ~ 
-36000 - -r 
A 

1.172 



1 P 
A 



4. Tor each load In each of the members, determine 
the value of the terms required to evaluate equation (19), 
by use of the tables of reference 3 or 4. 
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'6.'- The asaumed load that glvee r 1 la- the orlt- 
loal "buokllng load. 

The results of this prooedure as applied to the proh- 
lem of figure 6 are given In talile I; the valuea of o in 
the first column are given for reference .only and, as 
stated In p&i'agraph 1 of- the foregoing prooedure, were so 
assumed that a eerlee of reasona'ble values for the axial 
load F In the caspreBsion member lio oould he obtained. 
In the last oolumn cf tehle I are given the values of r 
corresponding to the assumed values of o. As the value 
of 0 InordBses from 1.4 to 2.6, the value of r In- 
oreases from 0.17S to 1.63, If the data of tahle I are 
plotted, it is found that when r a 1 the lowest orltlcal 
buckling loads for the trial design are 

za, bo, and de ..... . 10,360 compression 

ab and od 8,890 tension 

These critical loads are greater than the loads to which 
the roipective mcmberB are subjected (see fig. 5). The 
tube seleobod for the trial design is therefore stable 
and the margin of safety for the system is 

10260 _ 1 , 8890 _ 3^ ^ 0^03 
9940 8610 

A single margin of safety is obtained for the whole system 
regardlesp of which member In used for Itn calculation be- 
cause, when the critical load Is reached, all members de- 
flect. 

More than one type of instability is possible, theo- 
retically; therefore, as the loads P increase, there is 
more than one value of P for which r = 1. (See table 
I.) Tor each type of instability there is a correspond- 
ing critical load. In deolgn, however, the lowest crit- 
ical load should be calculated and compared with the loads 
given in the problem. 

Table I shows further that, for values of o between 
1.4 and 1.6, the value of S^^g changes from positive to 
negative. According to the stiffness criterion for sta- 
bility, this change of sign- means that members de and 
ef, considered alone, have changed from stable to un- 
stable. It is also noted that S^ed changes from positive 
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'to negative for valuen of o between 2..6 and 3.7; mem'bere 
od, de, and ef, oonniderpd alone, have therefore 
changed from stahle to unptahle, hut at a much higher 
load. The change from stahle to unetahle for all members 
ooeura for valuei* of o bptveen S.5 and 3.'6 when r s 1. 

Struoturp com po ped of platpn .- The critical compree- 

sive atree<* for local Instability of a 34S-T aluminum- 
alloy Z-sectlon column with the cross-Bectlonal dlmenalons 
shown in figure 6 la to be determined. 

It is convenient in symmetrical plate problems of 
this type to use the modification of the atiffneae crite- 
rion for atability previously dieeuesed. If opposing 
unit external moments-are apnlied at the Joints between 
the veb and the flanges, the stlffnees utability criterion, 
as given by equation (9), is 

where the aubseripts ? and W refer to the flange and 
the web, respectively. 

The tables of reference 5 give the values of S^^^ 

and S^^ in the dimensi onlees form S^^^/(D/b) and 

SIV/U/b) rather than directly. It in therefore desir- 
able to write equation (20) in the form 




Because "D^/Jij a (ty/tj) , the Rtabllity criterion may 
be written in terms of the modified stlffnena stability 
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■ "■factor- -U,- as 




(31) 



She detailed prooedure of oalculatlng the erltloal 
oompreBslve atreeB is as follows: 

1. Compute. th9 ratios ty/t]^, "^j/^Mt ^v/^W* 

8. Asaume a value of ^/'b;. 

3. Compute ^/'by from the equation 

tig "bp T)T^ 

4. Aaaume a aerle<< of valuep of kp and, for each 
▼alue of kj, compute ky from the eouatlon 




The indicated procedure la adopted as being somewhat more 
convenient than assumption of the stress and computation 
of the corresponding values of kp and ky. It la per- 

ffllssl'ble to compute ky from the given ea.uatlon even 

though the etre'sa is heyond the elantlc range, hecauae 
the atreae and thus, hy assumption, the effective plate 
modulus are the aame In the weh and the flange. 

5. Evaluate the modified atlffneaa atahlllty factor 
U from equation (21) and the tahlea of reference 6. 

6. Plot U ugalnet kp or ky and note the val- 
ue of k for which IT la equal to aero. 

7. Repeat atepa 3 to 6, aaaumlng different valuea 
of X/hj. 



so 



S 8. Plot Taluea of for U » 0 against ^^/Tij 

(or for U s 0 agalnet ^/by) to determine the min- 

imum value of k]p (or ky). 

9. With this minimum value of k, evaluate the 
orltloal stresB. from the formula (see definition of k), 



" h»t 

which may he written, for the weh. 



g , Z * (33) 

°' 13(1 - »i)«hw« 

or, for the flange, 

^'cr •= ~ ! T (23) 

" 12(1 - 

The value of o^j. will he the f>ame regardlees of whether 
equation (22) or (23) is used. 

The repulta of this procedure ao applied to the prohi^ 
lem of figure 6 are given In tahle IZ. The values of ky 

for U x= 0 in the lant column of tahle IZ were determined 
according to step 6. If these values of are plotted 

against ^/^v (step 8), the minlmuffl value of ky is 

found to he ahout 2,9. (See fig. 7.) The critical com- 
pressive stress for local "buckling of the aection shown 
in figure 6 is then, from ecuation (22), 

2.9 X 9.87 X 10.6 X lO"' ^ ^ , 

a = ; — s 17,400 pounds per square inch 

12 X o.gi X (iw) ^ 



This method provides a relatively simple means of 
predicting the critical-stress values for columns of 
Z-section and other simple cross sections, such as I-, 
channel, and r eotangular-tuhe sections. Charts giving 
the values of k determined hy this method which were 
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prepared for vide l^angeB of the dl'toennlon ratios, are pre- 
eented In reference 10 f,or oolumna of I", channel, and 

reotangular-tuhe eeotlorn. 

An alternate method of solution for prohleme of this 
type makes use of the charts of references 11 and 13' and 
the tahles of reference 5. An assumption is made as to 
whether the flange or the veh vlll he primarily, responsi- 
ble for Instahlllty. If the flange Is expected to he pri- 
marily responelhle, the value of S^^y for the weh is de- 
termined from the tahles of reference 5. This value is 
then used In computing the restraint coefficient e (ref- 
erence 11 or 12), and the value of k Is found from fig- 
ure 3 of reference 11. Because It is necessary to assume 
a value of k and ^/h in order to determine S^^\f, the 

method vlll ohvlously Involve a trial-and-error procedure. 
I'urthermore , if repeated calculations shov that S^^y la 

negative, the assumption that the flange would he primarily 
responelhle for Instahility Is incorrect. In this case, 
It will he necessary to evaluate S^^^ji and to determine 

k from figure Z of reference 13. A detailed example of 
the application of this method is given in reference 10. 
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AFFXITDIZ A 

DiaiTAIION OI* STIFFITESSXS AND GAaBT-OTIR TACIOBS 
Plate Under Oompression 



In order to apply the method of moment distribution 
in any form, the valuas of gtiffnessi^s and carry-over 
factors are required lor the members in qiLostion. For- 
mulae for the evaluation of these quantities for hare 
were developed in reference 8. This appendix gives the 
corresponding derivation of the formulas for plates, the 
sign convention used, as distinguished from that jgd^-ea^ 
in the section on Definitions, oo}^re8ponds to that of 
reference IS, in which defl»ct4/On« W are positive dovn^- 
ward and a moment is poslt-i've if it produces compression 
in the upper fibers. 
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general deflection gurfaoe of a plate T>uekled under 
compreBslon . - Before the values of etlffneee and carry- 
over factor for flat plates under varloue condltlone of 
edge restraint may be computed, the deflection surface of 
a flat plate 'buckled under a compressive load vlth a mo- 
ment applied along one unloaded edge must 'be descri'bed. 

An infinitely long flat plate under compression is 
shown in figure 8 vlth coordinate axes. Tor equill'brluai 
of an infinitesimal elempnt of the plate, the following 
equation must he satisfied (reference 13, p. 884), 

f*+2r4^^+ ^+ 0 (Al) 

ox bx dy &y bx** 

On the assumption that the plate is infinitely long in 
the direction of x, the conditions at the ends do not 
matter; the solution of equation (Al) is therefore taken 
in the form 



W a 



f(y) cos ^ (A3) 



The unknown function f(y) may he determined by suh- 
stituting the expression for v into equation (Al). It 
Is found that the function f must satisfy the equation, 



d 

dy 



f _ StT df + f ft _ TT k \ - n (ASi'S 



Zquatlon (A3) Is an ordinary differential equation of the 
fourth order, the solution of which is 

f =» Cj cosh ^ + Ca sinh ^ + o- cos ^ + c^ sin (A4) 

O 0 0 0 

where o^ , Ca i cs , and c^ are arbitrary constants and 
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Xhe- deflect Ion aurfao-tf of the plate is nov found "by 
Bubstltutlng this result for f In eauatlon (A3): 



= fciCOBh ~ + cgBlnh ^ + oftCOB ^ + aiBln — \ cob ^ 

I h O D D J A 



(A5) 



In this solution, four oonditione may 'be imposed along the 
unloaded edges to fix the four oonstants. One of the four 
conditiona will always specify the presence of a moment 

Mq cob ^ along the near edge, and another vlll speolfy 

that the deflection w along this edge is zero. The re- 
maining two conditions will he varied to suit the condi- 
tions at the far edge of the plate of which the stlffnesB 
is heing computed. 

Stiffness of a plate with far edge fixed .- 3Pigure 9 
shows a flat rectangular plate under compression with a 

moment M applied along one edge at y a and with 

complete restraint against rotation along the parallel 

edge at y s ^. The stiffness S of the plate is defined 
2 

where (6}„_^ Is the rotation of the edge at y ■ - ^ 

expressed in quarter- radians . 

The general expression (AS) for the deflection of the 
plate muBt he specialized to the case of figure 9 in which 
the boundary conditions are! 

(w), +h = 0 (A7) 

, D + n « M - Mo 008 ¥^ (A8) 

^ 2 
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- 0 . (A9) 



2 



After determination of the arbitrary conBtante in 
(as) by use of these "boundary oonditlone, the deflection 
eurfaoe for the case of figure 9 le found to he 



V = 



MqT 



ay 
Blnbr— 



(a tflnh| + P taii) ^ 

^ I ainh^ 

a 3 a 0 

a tash ^4-3 tan ^ + a coth g - 3 cot ^ 



Bin~ 
Bln| 



coth^ - P cot^ 



/ ay 
. /ooshrr- 

/ ■ CO sh- 



oo ( 



P7' 



COB: 



a P a P 

a tanh -i- P tan tt + a coth — - P cot — 
2 2 2 2 



cos 



TTI 



Trom this deflection surface there Is ohtalned 



(All) 



a tanh^+ P tan^ a cotfa^- P cot^ 
2 2 2 2 



where. 6 le expressed in quart er -radians . Substitution 
In equation (A6) gives 



a apP^a aPP 
^anli^ + gOoth^ - g^^ot^ 



ill 



1 . Ga 



(A12) 
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Oarry-over factor of a platq vlth far edge fixed ." 

The oarry-OTer faotor 1b defined as the ratio of the ao- 
- mefll dSVetdped a% the far edge y » ^ (fig. 9) to the 

moment at the near edge 7 moment developed 

0 

at the far edge Is 




(A13) 



where w la the defleotlon of the plate of figure 9, 
given hy equation (AlO). 

If the indioated differentiation of eqU&tlon (AlO) 
Is made and the result su'batltuted In equation (A13), It 
Is found that 



fbanhf + |tan| - |ootl| + |co4 



^""'^^ = - : I I I I III f ^^^^ 



The moment at the near edge Is, from equation (A8), 



(M) V » Mo COS ^ (A15) 
' 3 



By definition, the carry-over factor Is 



-(M) 



0 = 



(M) 



y=+i 
— 



a a P P 
—tanh— + -rtan 
2 2 8 




flitanhSE^ + Itani-V (^otii^ - ^ot^^ 
\2 2 2 2j \2 2 2 3/ 



A16) 



with the sign of the moment at the far edge changed to 
conform to the sign convention given In the section on 
Definitions. 
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8tlffne8« of a plate vlth Ite far ed'fee hinged .- 
Figure 10 ehovg a flat reotangular plate under oomprea- 

. elon vith the tvo edges 7 =■ ^ ^. hinged to supports. A 

moment M is applied to the edge 7""-^ , and the 

3 

stiffness of the plate Is defined aa 



(A17) 



where (e)™-^!) ■ is the rotation of the edge 7 = ex- 

^3 .2 
pressed In quarter-radians. The general erpression (A5) 
will again be used to compute 6 and the boundar7 oon- 
dltlons will he: 



(w) 



2' 



(A18) 



3 



M« COB 



(A19) 



+ \i 



» 0 



(A30) 



'7» 



By use of these boundary conditions, the arbitrary con- 
stants In equation (A5) may be computed, and it is found 
that the deflection surface for the case of figure 10 la 



ay 
sinh^ 



cos]: 



ay 



cos- 



a a, 
Binh^ oosh^ 



COS: 



0 



Bin— 

D 

Bin^ 



COB^ (121) 



Trom this deflootion surface, the magnitude of the 

dotation 6 along the edge y 1b found to be 

2 
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' fewV ' '■ 2Mb' /' ct ' B a Pt ^ * 

(e)y^^= ^[3yjy^_^= g(^pa) ( » P *«^+ « P / ^^2) 



where 9 le expressed in quarter-radians. Upon eubstl- 
tution of this expression for 6 In equation (A17), It 
Is found that 

-(»)' . (i) 

gii .2. W W (iaa) 

*ft.nhf ♦|t„f *fcoti.|-|«ot| 

According to the boundary condition given In equa- 
tion (ASO), there Is no moment at the edge 7 2^* Hence, 

the carry-over factor G^^ with the far edge hinged Is 
sero. 

Stiffness of a plate with far edge free .- Tlgure 11 

shows a flat rectangular plate under compression with one 
edge yah free and a moment M applied to the paral- 
lel edge y s 0. She stiffness of the plate Is defined 
as 

where (6) » la the rotation of the plate along the 
y = O 

edge y s 0 and Is expressed In quarter-radians. 

!rhe general expression (A5) Is used to compute ^^e 
rotation 6. The boundary conditions for a plate with 
far edge free are: 

(w)y_Q - 0 (A3B) 

-D * ^rr) - " = "c °°»ir - ^^^^^ 
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(137) 



0 



^ + (3 



ya"b 



(ASS) 



Upon determination of the arbitrary constants In 
equation (A6) "by nee of theee' "bouncLary oonditlons, the 
deflection surface for the case of figure 11 Is found to 



Hob 



D(a*+P«) 



Py <sy ay 

COB—— - cosh — + A sinh — 
h b * "b 



naCflinh a ~ $ ooeh a) - mP sin 9 . fiy 

■ si n 
cos P h 



coe^ (A39) 



where 



0 * <w) 



m^P coah a cos P •- n'g. slnh a sin 3 + mnP 
m^P slnh a cos P - n'a cosh a sin P 



Trom the deflection surface, the rotation along the edge 
y » 0 Is found to he 



If-326 



(B) r ^ l 2aPnm + aP(a^+ii^)coBh a cos 3 + (m^P^-ii°c^)Blah a sin P » 

y^O = ^yjT'O = LDCa^+pa) J a cos S - u» B cosh a sin B 



vhere 8 la expreseed In quarter -radians . Upon su^sttltutlon of thls^ expreB- ' 
■slon for 9 In equation (A24), the stiffness Is fbund to "be 



sIII 




She trigonome'trlo and h7per1)0lie functions have "been converted to the half angle 
in order that the same functions Can lie used as in the calculation of the other 
stlffneeses. 
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Aooordli^e to the "boundary condition of equation (A2?}, 
there le no moment along the edge yah. The carry-over 
factor la thus sero for the far edge free. 

Stlffneea of a plate with equal and oppoeite aomente . 
■ applied along the unloaded edges .- Figure 12 shove a flat 
'rectangular plate under oompreaalon, with equal and op- 
posite moments applied to the edges y = db^* The stiffness 
of the plate Is defined as 

2 

where rotation along the edge y ■ 

expressed la quarter-radians. 

The "boundary conditions for this ease are: 

(w) .h « 0 (AB3) 



Vdy** 



H^-^ = -M » -Mo OOSTT (A34) 



According to the sign oonventlon of the appendix, the 
moments at the two edges have the same sign although they 
act in opposite directions. By means of these boundary 
conditions, the arbitrary constants in eauatlon (AS) may 
he computed, and the deflection aurfaca for the caae of 
figure 12 la found to he 
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Tfom this defleotton 8-arf)Eioe, the rotation 6 along the 
edge 7 " ~2 found to "tie 



y» J. -Xbyy,. k -T/aNViYl 333; 




which Is expressed In quarter-radians. Substitution of 
this expression for 6 In equation (A32) gives the stiff- 
ness of the plate, 

Because the moment at 7 ~ equal and opposite 

y. T Y 

to that at 7 » -— , the carry-over factor 0 is -l 

3 

In accordance with the sign convention given in the sec- 
tion on definitions. 



Plate under Tension 

If the directl.on of the applied longitudinal force 
on the plate of figure 8 is reversed, the plate will he 
under tension and equation (Al) will hecome 

+ a + IL*: - zUe. Ljl = 0 • (abb) 



She formal solution of this equation is preci»el7 the 
same as equation (A5), except that the parameters a and 
are now defined Taj 



(A39) 
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II 



8 



III 



and S 



IT 



Because the stlffneBsee S, S 
and the oarry-over factor C, as caloulated for a plate 
under compression, are "based directly upon equation (A5), 
It follows that the expression derlYed for each one of 
these quantities Is still correct when the plate is under 
tension, provided a «ind 3 are now given hy equations 
(A39) and CA40). 



The new ezpresgi&ns for 
may he written in the fora 



(oxd 3 are complex and 



r- = A + IB 



(A41) 



2 



B 4- lA 



(A4S) 



where 



A s 




(A43} 



B 




(A44) 



The expressions (A41) and (A42) for a and P are 
euhstltuted into equations (A13) for S, equation (A23) 

for S^^, equation (A31) for S^^^, equation (A37) for 

S^^, and equation (A16} for C. The results of the suh- 
stitutlon shew that, for a plate in tension. 



g ^ D AB. ABln4B-B8lnh4A (A45) 
* ^ A'sln^2B-3^Blnh^2A 



f 



vO 

CVJ 
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1> B8inh4A-Asln4B 



TIT D A(m*-l6A^''+gtaiB*)Blnlra-B(m^-l6A^^-8SmA®)BlDlJ«L 
S-^-^-^s^A&t: ■ (^7) 

^ rB»(nk-UA»)«^a(a+lffl«)= ' 
-< -(A^+B^) (iiia-l6A3B8) (coBli32AcoB32Bf8inli='2Aalna2B) 
+1" A» (nH-lfflP ) (m-UA= ) ( fllnli^2AooB^2&KJO Bli^2ABin''2B) 



= 5.AB cQghSA + eoB2B . . 

1) BalnhSA + AelnSB ' 



AooshgABlnSB - B8lnh3Aoo82B 
BcOBli2A8inh2A - ABln2Bcoa2B 



(A49) 



vhere 



m = 4(A^-B° ) - V>(^ (A50) 

Xhese formulas permit taljlen of atlffneeees and 
carry-over factors to 'be prepared for a. plate in tension 
similar to the tables of reference 5 for a plate In com- 
pression. Such ta'blsR, however, have not heen prepared, 
and In lieu of them, formulas (A46) to (A49) may he used 
directly If the need should arise. 



RXFERSITCES 



1. OrosB, Hai:dy : Analysis of Continuous Trames hy Bis- 

trlhutlng Fixed-Znd Moments. tCrans. Am. Sec. Civil 
Eng., vol. 96, 1932, pp. 1-10. 

2. James, Benjamin Vylie: Frinoipal Effects of Axial 

Load on Moment-Bistrlbution Analysis of Elgld Strno- 
tures. ITACA Vo. 5?4 , 193b. 



84 

S« Landqulst, Sn^ena S.: Sta'blllty of Strttctural Members 
luder Axial Lead. VACA IS Ho. 617, 1937. 

4. Lnndqulet, lugene X,, and !^roll, W. D. : Tables of 

Stiffness and Carry— Over Taotor for Structural Men— 
be'rs under Axial Load. ZTACA TN So. 653, 1938. 

6. Eroll, W. Tablee of Stiffness and Carry-OTer Factor 

for Tlat Beotacgulaz Plates under Compresslono 
ITACA ARE So. 3Zh7 , 1943. 

6. Southwell, B. 7.: On tbe Analysis of Sxper imental 
Cbser-vations is Froblems of Slastlc Stability. 
Proc. fioy. Soo. (London), ser. A, vol. 136, April 
1933, pp. 601-616. 

7« Luadquist, Sugono 3,: Genoralized Analysis of Sxper— 

iaental Observatisns in Probloirs of Slastlc Stability. 
VACA TJJ ZTo. 650, 1938. 

8» Lundqulst , Zugone IS.: A Method of Bstimatlng the 
Critical Buckling Load for Structural Members. 
SAGA TSr Ho. 717, 1939. 

9. Eelnerl, George J., and Boy, J. Albort: Prollmlnary 
Beport on Tests of 24S— I AlnQin'ivn Alloy Columns of 
,. ■ Z-, Channel, and EL-Sectlon iJtiat Zavolop Local Inata- 

7A'''>^ bility, NAOA HB Ho. 3J27, Got. 191*3. 

10. Eroll, W. D. , Fisher, Gordon P,, and Eelmerl, G-eerge J.: 

Charts for Calculation of thvi Oritloal Stress for 

Local Install ll'c;* of Ooluin:::^ with I—, Channel, 

and Bectangular-Iubo S-actlc-u. SAGA ABB Ho. 3E04, 1943, 

11, Lundqulst, iHugeae B,, ard Stowoll, Elbrldgo Z,: Crit- 

ical CoEiprosslTo Strops for Outstanding Flanges. 
BAOA Bep. Ho. 734, 1942. 

12« Lundqulst, Sugeno ^« , and Stowoll, Zlbrldge Z.: Crit- 
ical Coapressive Str^oi^a for ?lat Bect&ngular Plates 
Supported along All S/.ges and Zlastloally Beetralned 
agalnbt Botatlon along the Unloaded Edges. 
HACA Bep. Ho. 733, 1S42. 

13. Timoshonko, S.: Theory of Hlastio Stability, McGraw- 
Hill Book Co., Inc., 1936. 



TABLE I 

SSSOI/DS IGR SOLDTIOir 07 £A£ PBOBUEH^ 
[Tor member ef, F = 0, F/A = C, £ =^28 x 10° Ib/sq. In., 
(l/j)eff = 0, and S^^^f = 3-397 x lO* Ib-in.] 
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Figure 2.- Section camprlalng two Jointe 
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Tlgure 3»- Section of struct-ore 

BTBinetrlcal about member IJ. 
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Pigure 5.- Illustrative tar problem. 
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Pigare 6.- Illustrative plate problem. 
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irigore 8.- Infinitely long flat plate nnder long- 
itudinal conipresBlon. 
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vigor e 10.- Plate with moment applied at near edge, far edge hinged 




Tlgure 11.- Plate irlth moment applied at near edge, far edge free* 
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